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Abstract 



We construct new maximally symmetric solutions for the met- 
ric. We then show that for a string moving in a background consisting 
of maximally symmetric gravity, dilaton field and second rank anti- 
symmetric tensor field, the 0(d) <S> 0(d) transformation on the vacuum 
solutions, in general, gives inequivalent solutions that are not maxi- 
mally symmetric. 
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Some time back it was shown that the low energy string effective ac- 
tion possesses, for time dependent metric G^, torsion and dilaton $ 
background fields — 1,2, ..d) a full continuous 0(d,d) symmetry under 
which " cosmological" solutions of the equations of motion are transformed 
into other inequivalent solutions [1]. Subsequently, a generalisation to this 
was obtained [2]. These transformations are conjectured to be a generalisa- 
tion of the Narain construction [3] to curved backgrounds. 

Here we investigate the consequences of this 0(d) <g> 0(d) transformation 
on the space-time symmetries of the theory. We consider a string propagating 
in a gravity, dilaton and second rank antisymmetric tensor background and 
show that if the full metric corresponding to a given background is maximally 
symmetric then under the 0(d) <g> 0(d) twist this symmetry is not preserved. 

We first discuss the meaning of maximal symmetry and the 0(d) ® 0(d) 
symmetry. We then show that for B^ u = 0, the only maximally symmetric 
solution is that for which the dilaton background is a constant and the cur- 
vature constant K = O.This maximal symmetry is broken under the 0(d)® 
0(d) transformation. We then show that an approximate maximally sym- 
metric solution with B^ u ^ and non-zero curvature is possible with a linear 
dilaton background. However, this symmetry is again destroyed under 0(d)® 
0(d) twist. 

For a maximally symmetric space-time [4] the curvature 

Rikim = K (g im g k[ — gu g km ) (1) 

K is the curvature constant proportional to the scalar curvature R\. Two 
maximally symmetric metrics with the same K and the same number of 
eigenvalues of each sign, are related by a coordinate diffeomorphism [4] . Now 
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consider the low energy effective action of string theory in D space-time 
dimensions. This is [5] : 

S = - J d D xVdrtGe~* A - R {D \G) + H^pH^P - G^d^d^ 

(2) 

where H^ u \ = d fl B u \+ cyclic perm.i?( D ) is the D-dimensional Ricci scalar 
and A is the cosmological constant equal to ^g 26 - 1 for the bosonic string 
and < - D ^ 10 - > for the fermionic string. It has been shown that [2] for (a) X = 
(Y m , f a ) , 1 < m < d, 1 < a < D - d. Y m having Euclidean signature, (b) 
background fields independent of Y m , and 

(c) G = ( °™ n £ ) ; B = ( B ™ n 6 ° ) the action (1) can be recast 
V U G af3 J \ U B af3 J 

into 

S=- J d D Y J d D - d YVdrtGe- x 

[A-G^d aX dfs X - (I) G a ?Tr (d a ML~d p ML) -R( D ^)( G ) + ^ H aPl H a ^] 

(3) 

where 

L =(°i I) <«> 

X = $ - InyjdetG (5) 
M= (i ? G- 1 G-%%) (6) 

If one of the coordinates Y 1 is time-like, then the action (2) is invariant 
under an 0(d — 1, 1) <g) 0(d — 1, 1) transformation on G, B and $ given by 



(7) 



u _ ■1\( V (S + R) V r ] (R-S)\ M (v{S T + R T )v V {R T ~ S T 



Aj\(R-S) V (S + R)J [( R T-S T )r) (S T + R T ) 
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with rj = diag (-1, 1, 1) ; S, R some 0(d-l, 1) matrices satisfying 

Si]S T = r],Rr]R T = i] ; Sn = coshO = Ru ,£21 = —sinhO = —R21, and 
Sn = Ru = 0, for i > 3. 

In component form the transformed fields are given by [2] : 

+rj(R -S)(G- BG~ x b) (R t - S T ) rj 
-r](S + R)rtG- x B (R T - S T ) n 
+ri(R- S)B&- l ri(S T + R?)^ (8a) 

(*% = &) m-s^G-'visT+R^v 

+(S + R)(G- BG- l B) (R T - S T ) n 
+{S + R)BG- 1 r ] (s T + R T ) n 
-(R- S)r]G- l B (R T - S T ) n}G% (86) 

$' = $ - (^j In detG + In detG' (8c) 
The equations of motion obtained from (2) are 

R, u = + Q Hp>H vXp (9a) 

D^D^ - 2D„D^ + R- (J^) H^pH^ = (96) 
D X H^ - (D\<&) = (9c) 
Maximal symmetry implies 

Rpy = K(l — D)g^ p i.e. R = K(l — D)D (10) 
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For B^y = 0, equations (9a) and (10) give 

1^0/^0 = <9 M 0<9 M = R = K(l - D)D (11a) 

and 

d> t d v <f> = R lu/ = K(l-D)g lu/ (116) 

Let be a function of r only. This is a consistent assumption in the imple- 
mentation of the 0(d) ®0(d) symmetry (i.e. r is the only Y type coordinate 
while others are of Y type). Then (116) gives for /i — v — t, d 2 <p = 0. Hence 
= ar + [3, where a, (5 are constants. This value of when substituted in 
(11a) gives a = O.So the dilaton background is a constant i.e. = (3. 

For 7^ 0, maximally symmetric solutions to (9) are ( for D = 3) 

9 K(l-D) . . 

HL = ^~ 2 L 9u 9n (12a) 

i.e. 

dr[g tt g n ? (126) 
and 

d 2 <5> = i.e. $ = a r + f3 (12c) 

Now consider a class of solutions to (9) of the form 

ds 2 = -f{r)dt 2 + T.flldx^x 1 + dr 2 (13a) 

— 0o — P — constant, B^ v = (136) 

Here f(r) is some function of (r).For simplicity, we take D = 3 with coordi- 
nates (t, x 1 , r).The components of Rikim are 

R trtr = (l/2)d 2 f - {l/A)r\d r f) 2 (14a) 
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B tl = 



K(l — D) 



Rati = Rnn = (146) 

All other components are either vanishing or related to the above by sym- 
metry (antisymmetry) properties of Rikim- Maximal symmetry now means 
that 

R trtr = (l/2)d 2 f - {l/A)r\d r ff = -Kf (15a) 

Rati = Rnn = = -Kl = -K (156) 

Equations (15) imply that the metric of the general form (13a) is maximally 
symmetric only if K = 0. This agrees with our earlier conclusion that K — 
for = 0. In this case f(r) = (r + const.) 2 . Thus the metric (13a) and 
the Minkowski metric have the same number of eigenvalues of each sign and 
same K i.e. K = 0. Hence they are related by a coordinate diffeomorphism. 

The twisted solutions obtained from (13) , using (8) are 

r> = ( + t 1 " f) Sinh20 } ^ = ( ~ E t o \ 

V + f)sinh 2 6] J \ EJ 

(16) 

B' = ((1 - f)cosh6sinhe/[l + (1 - f)sinh 2 6}) ( _^ J) (17) 

cj)' = 13- ln[l + (1 - f)sinh 2 6] (18) 
The 0(d)®0(d) twisted metric is thus given by 

ds 2 = -E t dt 2 + E x dx x dx x + dr 2 (19) 

The components of the curvature tensor are now 

R tltl = (1/4) d r E t d r E x (20a) 
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R trtr = (1/2) d 2 r E t (1/4) (Et)- 1 {d r E t f (20b) 

R lrlr = (1/2) d 2 r E 1 + (1/4) (E 1 y 1 (d^) 2 (20c) 

All other components are either vanishing or related to the above by symme- 
try (antisymmetry) properties of i?jfc/ m .The condition of maximal symmetry 
now gives 

yz = -K' (21a) 
d r y + y 2 = -K' (216) 
d r z + z 2 = -K' (21c) 

where 

y = d r [(l/2)lnE t ], z = d r [Q./2)lnE x ] (21d) 

and K' is the new curvature constant. The twisted solution (17) has B' ^ 
0. However, we have seen from the equations of motion that maximal sym- 
metry demands that (from eqation (126)) 

B> tl = [K>(l-D)/2} 1 / 2 jdr [g' tt g^ 2 

which when solved for B' tl results in 

B' n = - [[K'f 12 /2sinh 2 9) ln[l + (1 - (r + const.) 2 ) sink 2 6} (22) 

The solution (17) (with /(r) = (r + const.) 2 ) and the solution (22) can never 
be matched to be identical for any value of the parameter 9. So maximal 
symmetry is destroyed. 

Keeping B^ u still zero, assume (for generality) that the following consti- 
tute a solution to the equations of motion 

ds 2 = -f t {r)dt 2 + f^idx 1 ) 2 + dr 2 (23a) 
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= 0o = P, B^ = (236) 

Here, unlike (19), f t and f\ are two independent functions of r. The metric 
(23a) is maximally symmetric when 



(24a) 



d r p + p 2 = -Ki 



(246) 



d r q + q 2 = -Ki 



(24c) 



with 



p = d r [(l/2)lnf t ], q = d r [(l/2)lnh] 



(24d) 



and the solutions to ft(r) and fi(r) are found to be 



f t {r)=cos 2 {K\ /2 r), h{r) = sin 2 (K{ /2 r), K ± > (25a) 
/ t (r) = cos/i^^V), /i(r) = sinh 2 {Kl /2 r), K x < (256) 



We shall now see that these solutions are inconsistent with the equations of 
motion. 

In the discussion immediately after (116) we saw that for = con- 
sistency of the the equations (9) demands that the curvature constant van- 
ishes. Therefore K 1 — 0. This combined with (24a) means that either p = 
org = 0, i.e. either f t or f 1 must be a constant. Let fi = 1. Then (23a) 
reduces to the form (13a) which we have already discussed. We therefore con- 
clude that for a string moving in a background of constant and vanishing 
B^ v , a maximally symmetric space-time solution is only possible with a zero 
curvature metric. The 0(d)(g>0(d) twist , however, violates this maximal 
symmetry. 
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Now consider the case of ^ 0. We take the metric as in (23a) 

ds 2 = -f t (r)dt 2 + f\{r) (d Xl ) 2 + dr 2 (26a) 

f t (r) = cos 2 (K{ ,2 r) , h{r) = sin 2 (K{ /2 r) , K, > (266) 

f t (r) = cosh 2 (K{ ,2 r) , h{r) = sink 2 (K\ ,2 r) , K x < (26c) 

and assume that the curvature is small. Why we assume this will be evident 
shortly. The equations (12) imply 

and d 2 $ = i.e. $ = ar + (3 (28) 

(9b) then yields 

a 2 = K(l — D)D + (^) K(l — D) (29) 



A, 

This means that a 2 is of the order of K. The equation of motion for H^x 
(i.e. (9c)) is satisfied for the derived solutions (14) and (15) except when 
/i — 1, v — and this no n- vanishing part is 



a 



K(D-l) ff 
o jth 



(30) 



For B^ v ^ 0, these solutions are valid and can be made compatible with 
the equations of motion as follows. In the light of (25), (28) and the assump- 
tion of small K, (30) is of the order of K?. Retaining upto terms linear in the 
curvature, the contribution (29) may be ignored and the equations of motion 
satisfied. So in this approximation of small curvature, we can have maximally 
symmetric solutions with f t and f\, in conjunction with $ = ar + (3 and a 
non- vanishing B^. We confine ourselves to the case of positive curvature. 
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Identical conclusions also hold for negative curvature. (25a) and (126) give 



the solution for B^ u as 



B 



cos 



2K\ /2 r 



(31) 



so our starting solution with a maximally symmetric metric is (26), (28) and 
(31). Using (8), the twisted solutions are 



G> = 



-F t 
F x 



(32a) 



F 1 = 



ft 

1 + (1 - fth) sinh 2 6 + B tl (B tl sinh 2 e + sinh28 

fi 



B> = 



+ (1 - ftfi) sinh 2 9 + B tl (B tl sinh 2 6 + sinh26) 
(|) (l - ftfi + B 2 tl ) sinh29 + B tl cosh29 ( , 



1 + (1 - f^) sinh 2 9 + B n (B n sinh 2 e + sinh20) 



-1 



$' = ar + P - In [l + (1 - fth) sinh 2 6 + B n (B n sinh 2 6 + sinh29 
The analogues of (12a) is now 

H'tJ = K'^-^^FtF, 



(326) 
(32c) 

(33) 



and this may be solved to get the antisymmetric tensor field as : 

2 



B> 



tan 



sinhO (12 + llsinhH 



(5sinh9cos(2Kl /2 r) - AcoshO 
2(l2 + llsinh 2 6y 



(34) 
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(326) and (34) can never be matched to be identical for any value of 9. So 
maximal symmetry is not preserved under the 0(d) ® 0(d) transformation. 

The implication of this work is therefore that in the context of maximally 
symmetric classical solutions to the string equations of motion, the 0(d) 
<S> 0(d) transformation gives solutions that are not maximally symmetric. 
However, as torsion is present , it is worthwhile to investigate the meaning 
of maximal symmetry in the presence of torsion. 
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